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Guidelines:

e The exam is composed of 4 problems, each carrying an indicative weight.

e [f you lack information to answer a question, please make the necessary assumptions.
e Please clearly state any assumptions you make.

e All answers must be justified.

The students are expected to deliver relatively short answers to the questions, addressing key points
presented in the course.

All answers must be substantiated. In questions that require calculations, the method/approach used to
obtain the result must be clear from the answers.

The answers in this solution guide are only indicative.

oo0oo

You've joined the options trading desk in the leading Nordic investment bank D.B. as a junior analyst and are
just starting your first day on the new job. The managing director of the team is very delighted to have you
aboard and already needs your help to solve a number of option pricing problems. Eager to prove yourself
to your new colleagues, you immediately start solving the problems.

Problem 1 (20%)

One of the young traders in your new team tells you that a 1-year at-the-money vanilla put option on a non-
dividend paying stock S is bid at a price of 10 in the market. The trader’s gut feeling tells her it is too
expensive, and she decides to sell the option at the bid. She anticipates that the realized volatility of the stock
will be 10% and delta-hedges the option continuously at this level of volatility using the Black-Scholes (BSM)
model. Assume interest rates are zero, and the spot price of the underlying stock is S, = 100.

a) Show that the total implied volatility of an at-the-money vanilla option is approximately
P
2\/; =~ VZ‘ITS—
0

where X is the implied volatility, P is the option price, and T is the time to expiration. (Hint: In the
BSM option price formula, Taylor expand the standard normal distribution function to first order:
N(x) = N(0) + N'(@&=0) )

From the Hint, we find the approximation of the standard normal distribution

: 1 1
N(x) %N(O)-FN (0)(96—0) %E-F\/T_T[X

ATM means that S=K, then the BSM formula reduces to



b)
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It It
P=S|N|—)—-N|———
Using the normal distribution approximation this can be simplified to

S P
Pr~—[2V7] & IVraV2n—
\/E[ ] So

If the realized volatility turns out to be 10% over the year, what is the trader’s final PnL on the short

option trade?
From p. 103, the present value of the total PnL for a delta-hedged short option position is given by

1 (T
PnLy = —-(V{ -V¢) - Ef e "t IlSE (o — of )dt
0

Where h=hedging vol, r=realized vol, and i=implied vol (market price vol).
PnlL is deterministic and positive: The trader sold the option at an implied vol of approx. X =

Vﬁn% = 25%. The trader hedges at a volatility equal to the realized volatility and therefore

perfectly replicates the payoff of the option at expiry. The final PnL is therefore deterministic and
given by the difference between the price the trader sold it for initially the fair price of the option
based the realized:

100 =1

0.10 = +6
V21

PnLy = Vi —V{ ~ 10—

After the year had passed, it turned out the trader was wrong in her guess on the realized volatility of the

stock. In fact, realized volatility was a whopping 30% and not the trader’s anticipated 10%. Moreover, the
terminal stock price was Sy = 95 at expiration of the option.

c)

d)

What is the trader’s final PnL of the short option trade?
PnlL is random and path-dependent and its sign is Inconclusive: The trader sold the option at an

implied vol of approx. o; =X= \/271% = 25%. She delta hedges at o5, = 10% and realized
volatility is g, = 30%,i.e.0p, <o0; <o, .
This means that —(V§t — V¢) > 0 and —%fOT e "' I{SE (02 — o )dt < 0, so the sign of the total PnlL

is inconclusive:
. 1 (T
Py = (Vg = V§) 5 f e Tt ThS2 (02 — o2)dt S 0
0
Moreover, as the hedging volatility is different from the realized volatility, the magnitude of the final
PnL will depend on the path of the underlying stock price. Moreover, the PnL contribution from
(O'rz - 0,%) term is largest for stock price paths close to the strike, while it is negligible for paths far

away from the strike.

If the trader instead had delta-hedged the option at its implied volatility, what is then the final PnL?
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PnL is random and path-dependent, but neqgative: The trader sold the option at an implied vol of

approx. X~ V21 % = 25%. As the implied volatility the trader hedges at is lower than the realized

volatility, the final PnL is negative. However, the size of final PnL loss will depend on the path of the

underlying stock price. The loss is largest along the price paths close to the strike
1 T
PnL; = _Ef e "' IS¢ (02 — of)dt <0
0

e) If the trader did not delta-hedge at all, what is then the final PnL?
PnlL is determined by the payoff at expiry and initial premium: If the trader does not delta-hedge, the
final PnL is purely determined by the stock price at expiry and the premium the trader sold the option
at initially. As St = 95, the put option is exercised ITM and the payoff is 5. The trader sold it for 10
initially, so the final PnL is +5 (=10 - 5).

Problem 2 (30%)

The bank has just implemented the Heston stochastic volatility model that it wants to use for option pricing.
Unfortunately, the other traders in the team are not very familiar with this model and prefer the classic Black-
Scholes model. Therefore, you are asked to provide an analysis of the Heston model in order to make them
comfortable with it.

For zero interest rates and dividends, the risk-neutral dynamics of the Heston model for a stock index S; can
be written as

dSt = \/v_tStth
dve = M0 — v,)dt + €,/v,dZ,
thdZt = pdt,

where A, 6, € are positive parameters, p € [—1; 1], and v, > 0 is the initial instantaneous variance. After
calibration to market prices of vanilla options, you get the following parameter values for the model A =
1.15,6 = 0.02,e = 0.2, p = —0.4 and vy = 0.04. The spot stock price is S, = 120.

a) Is the calibrated model consistent with the so-called ‘leverage effect’?
The leverage effect means tha volatility of a stock typically increase when the stock price drops. The
comes from the fact that an enterprise is usually partially financed by debt. If the volatility of the
enterprise value is roughly constant, the volatility of the equity will increase as the equity price
decrease and leverage of the enterprise increases. As the correlation p < 0 in the stochastic volatility
model, it means that a negative shock to the stock price is associated with a positive shock to the
stock volatility, all else equal. Therefore, the model is consistent with the leverage effect.

b) Derive the minimum-variance delta of a long vanilla put option in this model.
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The minimum-variance hedge is the best stock-only hedge. It can be derived by finding the delta that
minimizes the variance of the PnL of the delta-hedged option. The result follows closely from p. 380-
381.:

Var(m)dt = (AMV — ABSM)2y, (S)%dt + (VESM)? 2y, dt + 2(AMY — ABSMYYBSMS, v, epdt
EVBSM

S p

Remember when you buy a put option, you need to go long the underlying stock to hedge, i.e. the

minmv [Var(n)] = AMV= ABSM 4

delta of a put is a negative number. Thus, for negative correlation, the min-var delta of a put is larger
than the BSM put delta in absolute terms.

If you continuously delta-hedge a long 1-month out-of-the-money put option using the BSM delta,
do you then under-hedge, over-hedge or correctly hedge your position?

When the implied vol skew is negative (p < 0), put options are worth more than the BSM predicts.
This also means that the minimum variance delta larger than the BSM delta in absolute terms. Thus,
if you used the BSM model you would have underhedged your put option position.

Based on past empirical behavior of implied volatilities, your boss thinks the speed of mean reversion looks

too high from the calibration.

d) What is the impact of mean reversion in variance on the implied volatility surface generated by the

e)

model?
Mean-reversion makes the implied volatility smile flatten out for longer expirations. The higher the
speed of mean reversion, the earlier (i.e., shorter expirations) the implied volatility smile starts to
flatten.

Using vanilla options, devise a trading strategy that profits if the speed of mean reversion decreases
significantly, everything else equal.

For longer-expiry options, mean-reversion outweights the impact of stochastic volatility and the
implied volatility smile flattens. Thus, if the speed of mean-reversion drops, the longer-dated smile
should steepen (becomes more convex). To profit from this, we could buy a strangle (OTM put and
call). To make the trade outright vega neutral (and therefore only exposed to the smile convexity), we
could sell an ATM straddle.

Naturally, several other correct strategies could be proposed to answer this question.

If the volatility of volatility is € = 0 and the other parameters are unchanged, the model reduces to a local

volatility model with risk-neutral dynamics

f)

dSt = G(t)Stth

Determine the local volatility function o(t) and calculate the local volatility in 1 year.
For € = 0, the variance process is deterministic
dv; = A0 — v,)dt
and has solution
vy =0+ (v, — 0)e ™M
Therefore, the local volatility function can be written as
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o(t) = \[v, = \/6 + (vy — 0)e At
o(1) =+/0.02 + 0.02e~115 ~ 16%

g) Derive an explicit expression for implied volatility in this local volatility model.
When the local volatility is only a function of time, we have

fTa(t)zdt = X(T)*T
0

Therefore, the implied variance is
vy —

0
At
T 1-e"YH

1 T
2(T)? = Tf 0+ (vy — 0)e Mdt =0 +
0

Taking the square-root gives us the implied volatility.

You have obtained the following mid prices of vanilla call options from your broker:

Strike Expiry (years) Call price

115 1.00 11.095
120 1.00 8.537
120 1.05 8.710
125 1.00 6.441

h) By pricing a calendar and butterfly spread, estimate the at-the-money local volatility in 1 year using
Dupire’s equation and assess if this value is consistent with your local volatility model.
The prices of the calendar and butterfly spreads are:
Calendar = 8.710 — 8.537 = 0.1728
Butterfly = 11.095 — 2 * 8.537 + 6.441 = 0.4618
And from these we can approximate the derivatives
ac _ Calendar 0.1728

— = = = 3.4567
aT aTr 0.05
0°C  Butterfly 04618 0.0185
9Kz~ dKk 52
Next, we can approximate the local vol in K=120, T=1.00 using Dupire’s equation
ac

29T _ 2%3.4567

2 9%C 71202 % 0.0185
K2

The local volatility model gives the same value for local volatility in (120,1) = ¢(1) = 0.16

o?(K,T) =

=0.026 = 0(120,1) ~ 0.16
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Problem 3 (30%)

Instead of the Heston model, you boss recommends a simpler stochastic volatility model. For zero
dividends and the risk-free interest rate equal to zero, the model has risk-neutral dynamics

dSt = \/v—tStth
dv, = yv dt + ev,dZ;
thdZt = pdt,

where v, € are positive parameters, p = 0, and vy > 0 is the initial instantaneous variance.

a)

b)

c)

Explain how the risk-neutral measure is obtained when volatility is stochastic.

If volatility is stochastic, we can no longer perfectly replicate the payoff of an option by trading the
underlying stock as in the BSM model. In other words, the market is incomplete and the risk-neutral
measure is therefore no longer unique. This risk-neutral measure is determined by calibrating the
model to market prices of vanilla options. This essentially means that we have ‘completed’ the market
by allowing ourselves to trade vanilla options.

Derive the partial differential equation (PDE) and boundary condition satisfied by the arbitrage-free
price of a European option C(t, S, v) on S in this model.

The problem can be answered in different ways, e.g. by setting up a dynamic hedging strategy or by
using the martingale pricing approach. Both rest on the fact that we have ‘completed’ the market by
allowing us to trade options (or other derivatives dependent on volatility).

Let C(t,S,v) be the price of a vanilla option. Ito expanding the price gives:

1 1
dC = C/dt + CldS + C,dv + ECS’;(dS)Z + EC{,;,(dv)2 + C/,dSdv

1 1

= Cldt+ CNVSAW + C,(yvdt + evdZ) + 5 CivS?dt + 5 Co,(ev)?dt

+ CievyvSpdt
As p = 0 we get

! ! 1 1 2 1 " 2 12 !
dc = (ct + Coyv + 5 CitvS? + ECW (ev) )dt + CAvSAW + CevdZ

With r=0, C must be a martingale under the risk-neutral measure and the drift of dC must be zero.
From this, we get the pricing PDE:

1 1
C{+ Clyv + ECS’;vSZ + EC;;,(EU)Z =0

with boundary condition C(T) = optionpayoff.

Find the risk-neutral distribution of the instantaneous volatility ,/v;.
As v, is a GBM, it has the solution
)
S— e(y s€2)t+ez,
Taking the square root on both sides yields:
171 1
[v; = [va oa(r—2¢%)t+ez:

Thus, the distribution of /v, is Log-normal
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ln(\/—) N(ln(\/v_0)+ (y——e )t;%ezt)

d) Ify=0,e=0.2and vy = 0.04, calculate the probability that the instantaneous volatility is larger
than 20% in 1 year.

P(\/vs >0.20) = 1 — P(in({/v,) < In(0.20))

n(0.20) — (ln(\/v_o) +%(y — %EZ) t)
"

1n(0.20) — (In(vO.04) — £ # 0.22

1| 020 (nl( ) =3+ 02) ~ 0.46

A competing bank is offering variance swaps to their clients. To not lose edge in the Scandinavian market,
your boss asks you to investigate how to price these derivatives in the stochastic volatility model above.
Recall, the payoff of the variance swap with continuous sampling is given by

1 T
(Tf vtdt — VK)
0

where Vi is the fair value of the variance swap and T is the time to expiry.

e) Under the risk-neutral measure, show that the fair value is equal to the price of a short log contract:

1 (T 2 S
V, = EQ —f dt =——EQ[1 (—T)]
: [T 0! ] N R

We first rewrite the integral as

1fT dt—sz 4 _ ) _2[es Zdel (5)—ZJT ds 1(ST)
)y ) s T T s ), YT s "5,

where we used the fact that

as 1

? —dIn(S) = Evtdt
Taking risk-neutral expectations, we see

EQUOT%dS] = EQ[LTﬁth] =0

Therefore, we get that

2 S
EQ dt =——EQ[l (T)]
[ f Ve ] o [ \s,
f) Show how to replicate the fair value V of the variance swap by a portfolio of vanilla options.

As ln( ) is a European payoff it can be statically replicated by vanilla options. First, expand the

payoff around S using the Carr & Madan formula:
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Sr So 1

l( )—ST_SO J (K — S;),dK fool(s K),dK
nSO_ So , K2 T)+ SOKZT +

Next, taking risk-neutral expectations, we get

=t w

_ So
=—EEQ[ST S°]+Ef iEQ[(1<—ST)+]d1<+Ef LEQ[(ST—K)Jr]dK
0

T So T K2 TJs, K 2
_2 fSO L p(ydK + 2 foo L etk
- T), K? T Js, K?
where we used the fact that the price of the forward contract EQ [ST_SO] = 0 when r=0.
0

g) Find an explicit expression for the fair value V in this stochastic volatility model.
As EQ[v,] = v, e?t, we get

1 (7 1 (7 U,
Vi = EC ?f v.dt :?f voeytdtzy—T(eVT—l)
0 0

And we see in the short-expiry limit
limr_o Vg = vy

Finally, to check your pricing of the variance swap, you calibrate both the stochastic volatility model and a
local volatility model to vanilla option prices. As it turns out, both models fit perfectly the implied volatility
smile at time T expiry.

h) Discuss in which of the two models the fair value of the variance swap is largest.
The fair value of a variance swap can be statically replicated by a portfolio of vanilla options. As both
models fit perfectly the implied volatility smile, they agree on the prices of vanilla options. Therefore,
the two models must also give the same fair value of the variance swap

Problem 4 (20%)

After investigating stochastic volatility models, your boss asks you to analyze the impact of jumps in the stock
price. Assuming zero interest rates and dividends, recall that in the BSM model the risk-neutral dynamics of
the log stock price X; = In(S;) is given by

1 2
dXt = _EO- dt+0-th

with o > 0. Extending the model to allow for jumps in the stock price, the risk-neutral dynamics becomes

where dq; is a Poisson process and J is a fixed constant jump size.



a)

b)

c)
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Why is the risk-neutral drift o of the jump-diffusion model different from the BSM drift?
As r=0, the risk-neutral drift is a = —%02 — A(e! = 1). The first part —%02 guarantees that the

diffusion part is a martingale as in the BSM model. The latter part —A(e/ — 1) is needed to
compensate for the jumps so that S; is a martingale under the risk-neutral measure.

Discuss whether jumps have the largest impact for short-expiry or long-expiry vanilla options.

The variance of the jump distribution is independent of time, while the variance of the diffusion grows
linearly in time. This means that the impact of jumps is overwhelmed by the diffusion for long expiries.
Therefore, Jumps have the largest impact for short-term options.

Compared to a stochastic volatility model, why might a jump-diffusion model better capture the
implied volatility skew of short-expiry equity options?

For short-expiry equity options the implied volatility smile is very steep. In SV models the
instantaneous volatility is modelled as a diffusion process. As the variance of the instantaneous
volatility distribution scales with T, this means that the instantaneous volatility cannot move too far
from its initial value and the model has a hard time capturing the steep vol skew for short options.
On the contrary, the jump distribution has a constant variance and creates a significant tail for the
stock price even for short-expiry options.

You decide to calibrate the model to vanilla option prices and find that 6 = 25%, the jump size is —0.13,

and a jump in the stock price occurs once every two months, on average. The current spot price is S = 100.

d)

What is the probability of observing at least 1 jump in a month?
The probability of n jumps over period T is

()\T’I;') n e — )\T

P(n,T) =
The probability of at least one jump, must then be
Pm=>1T)=1-P0,T)=1—-e?

With A=6 per year and T=1/12, we get
P(n>1;1/12) =1 — e~®*1/12 = 399,

Calculate the price and implied volatility of a 1-month at-the-money call option, truncating the sum
in the pricing formula to 2 jumps
The call price in a jump-diffusion model with fixed jump size is

- Ae/ )"
CIP(S, K, 1) = Z e-M’T¥
~ n:

CBSM (S; KI Tl G; Tn)
Wherer,, =7 —A(e/ — 1) + nJ /.
In this question, we approximate the put price by truncating the sum
2 2
Ae/T)™
C/P(S, K, 1) =~ Z e_}‘e]T!CBSM(S, K,1,0,1,) = Z w, CBSM(S, K,t,0,7,)

n!
n=0 n=0

With A = 6,J=-0.13, and 6 = 0.25, we get

10
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n r_n w_n C_n(BS) w*C(BS)
0 0.731 0.645 6.690 4.3129
1 -0.829 0.283 0.675 0.1911
2 -2.389 0.062 0.007 0.0004

Thus, the call price is then
C/P ~ 43129 + 0.1911 + 0.0004 ~ 4.50
Using the ATM approximation, we get an implied vol of

5 2m P 2m 4.5 0.39
T ]S, Jo.os100

oo0oo0
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